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Abstract presents a rigourous argument demonstrating that even

In his most comprehensive book on the subject (1994), Roger when an Al system emplays only correct algorithms, and

Penrose provides arguments to demonstrate that there areMakes only valid inferences, an inconsistency mayltres
aspects of human understanding which could not, in principle, When that system is directed at an accurate formal deeuct

be attained by any purely computational system. His dentra model of itself. If such an inconsistency could resultwhe
argument relies crucially on renowned theorems proven by an automated agent (Al system) is employed, it could
Godel and Turing. However, that key argument has been the |ijkewise result in the case of the best human
subject of numerous trenchant critiques, which is unfortunate \athematicians. Another major difficulty is that Peeros
if one believes Penrose's conclusions to be plausible. In the appears to assume (mistakenly) that if human

present article, alternative arguments are offered in suppo . . .
Penrose-like conclusions (although the present arguments Mathematicians — are indeed following reasonable

differ markedly from his). It is argued here that a fure ~ COmputational processes, in their search for proibfsn
computational agent, which lacked conscious awareness, they must be employing infallible algorithms, ratherntha
would be incapable of possessing crucial concepts and of some very enlightened, but fallible search process.

understanding certain kinds of geometrically-based proofs. Despite doubts regarding crucial aspects of Penrose’s

K eywords; Consciousness; Cognition; Penrose; Infinity; arguments, | nevertheless believe that some of his
conclusions are both correct and important. In particular

1. Introduction agree that a purely computational agent, which lacked

wareness or consciousness, would also lack the capacity

In his most comprehensive book on the subject (1994 ; .
P ) ( derstand some crucial mathematical concepts and forms

Roger Penrose provides arguments to demonstrate that th . . ) .
ﬁ)lf reasoning. Indeed, | will argue in support of this general

are aspects of human understanding which could not, uSi | will d by add inath bi i
principle, be attained by any purely computational system(?onc usion. 1 will do SO by addressing the problematic

In particular, Penrose argues that human mathematiaians hature (co_mpqtationally speaking) of the concepts of
capable of proving propositions (specifically, Certaincountably infinite sets and of non-denumerable (higher-

der) infinities. Arguments presented there differ maike
metatheorems) that could not be proven by any Computﬁf’rom those due to Penrose. Following that, | arguevioua

program. Penrose argues further that this superiority . . .

humans over machines (including the most advanced kinc?é a suggestion of Penrose (ur_1proven hitherto) regarding the

of Al systems), within specific realms of mathemataiso inability of purely computational agents to grasp the
' asoning found in crucial, geometrically-based proofs

entails that computers are incapable of understanding tf{% e th ired t h ts miaht
semantics of mathematical formulae. The crux of Pefsos \\Orc: (N€ awareness required to grasp such concepts mig
e present in a computational agent, but only as a continge

case involves his appeal to renowned theorems proyen D). ) L
PP proy side-effect of a variety of factors. | return to thisus.)

Godel and by Turing. These theorems establish limits LjpoThis latter section evokes to some degree certain theme

what can be derived within formal deductive system . L
devoted to arithmetic, and upon what can be discovered 3 und in Searle (1992). Howeve_r, the specific arguments |
’ [esent are not Searle’s. (It is noteworthy that many

any computer program that accepts computer programs . o . : ;
input. We need not explore the details of those theore seathers n A”'f"”?" Intelllgence, remain uncarogd by
earle’s famous ‘Chinese Room’ argument, and appear

here, but interested readers will find a concise disongsi : - ; . :
those results in my recent paper (Hadley, 2008). For preseﬂ?'te willing to attribute understanding to a hypothetical
' Bot which could merely pass certain behavioural caiter

urposes, we need only note that numerous researchers h%@/ .
purp y t should be valuable, therefore, to consider arguments

challenged the case that Penrose has constructedhirofbot é/vhich specifically support Penrase’s conclusions, but kvhic

his books on this topic (Penrose, 1989, 1994). WhiId Cd d ; ¢ Searle’s f
everyone accepts the correctness of the theorenidisstal ogunngeme)pen upon an acceptance or Searie’s famous

by Godel and Turing, many commentators have argued, f&rBefore delving into details of the arguments presented

a variety of reasons, that Penrose’s application Ofethosbelow it would be well to pause briefly, to consider the

theorems within the cognitive realm is seriously fldwa sense of ‘consciousness’ and ‘awareness’ at issue here
very common criticism concerns his contention tlifat nsciou AW Issu '
Although | will not attempt to define these termsdasto

mathematicians are following purely computational t think definiti cuall ible for th
methods when they discover theorems, then those methof§t think definitions are actually possible for the cepts
e commonly associate with the words), a few illustea

would be logically sound, and any correct formal model otV K be heloful. | ing th t I h .
those methods would be logically consistent (Fefermarfremar S may be helpiul. In using these terms, ave in

1995; McCullough, 1995). | will spare the reader mostrhmd_f_co?sqouls:ness (or Iawareness) bthat IS focuse_d on fa
details, but my own critique, given in (Hadley, 2008),SpeC| ic topic. For example, we can become conscious 0
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having particular thoughts (about things as various as foodget of natural numbers. For, if we could do that much, we
pains, tactics, and sets of numbers). Also, we cannbeco may have gone far towards endowing it with the notioa o
conscious or aware that we perceive some geometric figudeenumerable infinity. This much is clear; we can celyai

or that we understand certain concepts (such as theptonc@rovide a robot with a (non-terminating) procedure for
of the set of natural numbers). generating the Arabic numerals which individually each

Moreover, very often we are consciously thinking orexpress one of the natural numbers. There is a singole

perceiving on specific occasions, without being conscmr  terminating procedure for generating, say, each of the
aware that we are thinking or perceiving. There may béecimal or binary numerals. Of course, at no time will
other subtle differences among the kinds | conscioudnesscomputer or a human ever have generated the entid set
have mentioned here, but for present purposes | will natumerals, so, it would be absurd to suggest that a rabat (o
attempt an analysis. Indeed, it is noteworthy that ifhuman) would grasp the concept of the entire set of Hatura
operational or behavioural analyses were possiblegseth numbers by having produced the set. It might be suggested,
instances, the famous problem of other minds wouldhough, that we could ‘tell’ the robot that the process of

arguably not exist. generating the ‘entire set’ will not (or could not) héibr
argument’s sake, let us grant that the robot might already
2. Human Concepts of Infinite Sets possess the concept of negation (the sense of ‘nat’}ren

Let us now consider whether, in all cases, the semantfONCepPt of halting. We may further assume then, that, via
understanding of human mathematicians can be adequatdflinary semantic compositionality, the robot could come t
captured by fully computable, operational proceduresinderstand the sense of ‘not halting’. By similar chakta
Consider first the concept of a countably infinite assumptions, let us concede that the robot understands the

(denumerable) set of objects. Typically, students of€@ning of ‘the process never halts’. In this fashiea,
mathematics have acquired a reasonably gooEplght allow that our robot could, in solely computational

understanding of this concept by the end of their firstse ~ {€rMS, come to ‘understand’ that it is always possible to
in differential calculus, if not earlier. The concemt i 9enerate one more numeral, or even that ‘no matier h

frequently explained to students by an informal definition™@ny numerals have so far been generated, this robot can

along the following lines: ‘a countable (or denumerpble 9€nerate at least one more'.

infinity of objects is an infinite set of items, wherach On the face of it, it might now appear that our robot has

element of the set can be put into one-to-ondhus been endowed with a complete, human-like conception

correspondence with a distinct natural number.’ of the infinite set of countable numerals. (To be sure
It is crucial to note, however, that this ‘definiticalready ~ NuUmerals are merely names and are not themselvesensimb

presupposes an understanding of an infinite set, in twg® OUr robot would not yet have acquired a genuine

separate ways. First, the definition explicitly appealthe ~ conception of the set of natural numbers, but let fiass.)
meaning of the word ‘infinite’; secondly, the definition However, we should resist this superficial appearance, as |
invokes the concept of the natural numbers, which, ofhall now argue. A crucial aspect of many mathemastian
course, is again a concept of an infinite set of eleménts understanding of even a countable (enumerable) set of item

would appear, then, that any attempt to provide a robot (din the case numerals) is that the entire set ohefes can
other Al system) with the concept of a countably inérset, (Of does) simultaneously exist. The human concept of this
by providing the robot with the definition just considered,infinite set is not just that of a finite set, so fanemated,
would involve a serious circularity. It might be suggesteccombined with the potential for always generating yet
that the circularity could be diminished, at least, byanother element of the set. Rather, most mathermmasici
replacing the word ‘infinite’, in the quoted sentencehwit (@nd even many students of mathematics) conceive and
the phrase ‘extremely large’. Such a replacement raisd§@lize that, over and above the elements already ajeder
other difficulties, but let that pass. For, even teuase that  © enumerated, there exist vastly many more elemh_ats t
the robot could understand the concept of the set ofatatu @0 P& enumerated. Indeed, not only do they realize tha
numbers is already to assume that it has grasped theptonc¥@Stly many elements remain to be enumerated, but
of a countable infinite set. (Indeed, a pleasing property dffinitely many elements yet remain. The italicizergse
the natural numbers is that they are paradigmatically Nere is crucial. We cannot hope to endow a robot with a
countable set — they come numbered!) What is worse fro purely computational understanding of a countable infinity
the standpoint of those who seek to reduce all humalh Part of what we must make the robot understand is that,
thought to computational processes, is that every attempt N0 matter how many items it has generated or enuettrat
define, explicitly, the concept of a countable infinityish there remain infinitely more items to come. Moreovae
inevitably invoke the concept of the natural numbers. robot would need to understand that all these remaining
However, let us consider whether we could, by purel)}tems are already contained in the infinite set instjas.

computational means, endow a robot with the concepieof th It IS puzzling, to be sure, how a human student could
come to grasp the seemingly circular aspects which é hav

just stressed. It may well be that, initially, thedsmt's
! The set of natural numbers includes zero, together withall t understanding of infinity does merely consist of notions
positive integers (0, 1, 2, 3 ...).
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such as ‘there is no end to this process of generatingther mathematicians, belonging to the Platonist alcbb
numerals’, and ‘I can always keep generating one morthought, who are certain they do understand the concepts,
item’. However, in the case of many intelligent students ahot only of countable infinite sets, but of larger,
least, there comes a stage where the student’s umaBngfa nondenumerable infinite sets. Surely, the cognitivétizsi
leaps to a higher level. The student’s awarenessdfems  of these Platonically inclined mathematicians falhiwvitthe
being enumerated, together with the unending naturleeof t scope of Cognitive Science as much as the mathematical
enumerative (or generative) process, enables a caratept  intuitionists do.
imaginative leap to occur, and in this process the student isHaving now considered reasons to believe that the
able to entertain the idea that the entire aggregatefset concept of a countable infinity is not expressible imteof
elements simultaneously exists. Of course, the studest doa computational procedure, let us turn to conceptions of
not visualize the entire set, but may, in some schemathigher-order, non-denumerable infinities. Many, though not
fashion, imagine a series of elements stretchingneff a  all, mathematicians have accepted the work of thenead
vanishing point. In any case, | submit that the conmdpt Georg Cantor, who developed (via subtle proofs) a theory o
leap that occurs involves an emergent awareness, anel at thansfinite numbers, based upon a hierarchy of infiséts.
very least, significant meta-processing must be irecl The first (or lowest order) of these infinities atlee
Please note, however, that | am not claiming thatountably infinite sets that we have already considehéd
emergent awareness and metaprocessing could never occauntably infinite sets are judged to be of the same
within a computational robot. Rather, my contention i thamagnitude (i.e., cardinality), and that magnitude was térme
such emergence and meta-processing are not to be foundoyp Cantor, aleph-null. Immediately following the lowest
any given computational procedure which purportsorder infinity, is the class of infinite sets whasagnitude
specifically to express or embody the concept of &cardinality) equals that of the set of real numberslétier
‘countable infinity’. If it someday happens that weodiger  includes all the transcendental numbers (elg), all
computational processes which could engender emergemnational’ numbers, and all integers). The cardinality a th
awareness of a type sufficient to enable the ‘conceptualet of real numbers constitutes a 2nd-order infinitywmo
leap’ mentioned in the previous paragraph, then thesas aleph-one. The size of aleph-one vastly exceedsoth
processes would very probably enable a broad range afeph-null, but one can begin to get a glimmering of the
conceptual leaps. That is, the engendered awareness woufégnitude involved by considering that any given countable
be of a fairly general nature. | say this because thafinity can be mapped to an arbitrarily small segmernhef
awareness which presently enables us to imagine aeal number continuum (which we assume extends infinitely
unbounded set of objects, simultaneously co-existing, dodar to the left and right). We can, therefore, maprdinity
not in any way seem to be specific to the particatarcept  of countable infinities into the entire real continyumhose
of an infinite set. (We should bear in mind, also, fbaall  magnitude is aleph-one. Without going into further
we know, consciousness can emerge only as a combin&gethnicalities, the crucial point to note is that @amnot
side-effect of both chemical processes and specializegcquire the concept of aleph-one, the first non-denureerab
neurological events. Moreover, and crucially, computeinfinity, unless one already possesses the concept of a
simulations of chemical processes do not produce the samountably infinite set (whose magnitude is aleph-null)
effects as the chemical processes themselves e $ms Indeed, each of the higher order, non-denumerable iefniti
stressed). Consider a computer simulation of hydrochlorits defined in terms of the preceding order infinity, sa tha
acid dissolving iron.) the semantics of each of the transfinite ‘numer@&ph-
Perhaps, however, it will now be objected that theee arone, aleph-two, etc.) ultimately presupposes the corafept
eminent mathematicians who belong to the intuitiorost, the countable infinity, aleph-null. It follows, thehat if my
constructivist school of thought. Members of this tsah  preceding arguments are accepted, and the concept of a
commonly deny the existence of any complete, actuhlizecountable infinity cannot be captured by any computational
set of infinite objects, such as the set of naturalbars It  procedure specific to that concept, then the same tiorita
may appear that these mathematicians, at least, canragiplies to the concepts of each of the higher orderitiet.
conceive of a fully realized countable infinity, and dui n (Note, by the way, that none of the higher-ordemitiés,
possess the concept that | have been arguing for. beginning with aleph-one, could remotely be defined in
In reply, | would stress two points. In the first place,terms of such phrases as ‘the set of items is unbounated’,
mathematical intuitionists (or constructivists) do etgtim  ‘however many items you have counted, there will always
to be unable to conceive of a completed, fully realizedbe more to count’. Such expressions do not begin to gonve
infinity. Rather, they simply doubt or deny the exisené the magnitude even of aleph-one, which corresponds to the
the set of objects. Put another way, they doubt theemxdst cardinality of the set of real numbers.)
of the extension of the phrase, ‘countably infinite gether
than the intension of the phrase. 3. Human Perception of Geometric Diagrams
Secondly, even if some m'Eumomsts |r_13|_st_that tpaynot . Apart from the human capacity to form conceptions of a
understand the meaning of ‘countably infinite set’, _ormlal variety of types of infinity, there is a crucial humailigy,
to lack the corresponding concept, there are certaialyym . q1ved in our capacity to understand certain geometyicall
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based proofs, which bears upon our overall concerns hereomputational process would be logically entailed by férma
Specifically, there is strong reason to believe that thanalysis of that same process. (See Hadley, 2008; Penrose,
relevant kind of understanding necessarily involvesl994; or Kleene, 1967, for an explanation of the
conscious awareness in the perception of complex geametmathematical relationship between computable procedures
diagrams. This perceptual awareness is intimatelyectld  and logical entailment.) It follows that if any computable
what cognitive psychologists identify as the ‘perceptiba  sequential procedure does manage to perceive the collection
gestalt’. Bearing in mind that, for all we know, comss  of seven dots in Figure 1 as a coherent, unified hexalgien,
awareness is not a mere by-product of computationglerception does not result as a computationally neceskitat
processes, but may well be partially the result of compleconsequence of the computer program that instantiates the
chemical 12 processes, the following arguments, shouldlgorithm involved. Rather, any such unified perception
lend credence to Penrose’s assertion that the yalbdit would almost certainly be, at best, an emergent, comtinge
understand certain mathematical arguments cannot meredide-effect of the program’s execution. Consider thereCas
be the result of the execution of computer algorithms. .(N.B2, according to which a computer program comes to
some of the following points are evocative of the work ofidentify, purely via parallel algorithmic processing, Figlire
John Searle, 1992, but | have considerably reduced ttes an instance of a hexagon. In the case of such paralle
number of assumptions required, and my conclusions aggocessing, the seven separate dots in figure 1 would be
much less sweeping than those of Searle.) Let us nate, firsimultaneously represented and processed by concurrently
of all, that the ability to perceive certain schemdiagrams active ‘memory units’ and procedures within the computer.
as instantiations of geometric shapes appears, crudially, Would this simultaneous representation and processing of
require awareness. For example, consider the severl ‘doteven, separate discrete dots necessarily result in the
displayed in Figure 1. perception of a cohesive, unified hexagon (assuming, as

before, that an appropriately designed program was

¢ o involved)?

e o o The answer, once again, is no. For the mere fact that
memory units, representing the seven separate dots, are
simultaneously activated, or even that line segments
between the adjacent dots lying on the perimeter are
concurrently ‘drawn’ would not automatically result in a
realization that all these dots and line segments belong
together. Even if we assume that some awarenesssinpre
in the execution of the parallel procedures, there is no

to perceive these seven dots as comprising a hexagd gical reason why that awareness should not be separat

(Indeed, considerably greater effort is required to simpl;? beit C(:nc_urrelntlc)j/, _T_c;]cuse_d on the separatet dots and I![?]e
perceive the collection of dots merely as a set oflatae segments involved. There Is no more reason to suppase

dots.) Moreover, humans perceive the hexagon shap?ﬁ unified perception would result than there is to suppose
virtually instantly. Certainly, no conscious analysis at six different people, _each located severgl_mllem f_ro
dissection of the ‘data’ is involved. Let us consider "€ another and each simultaneously examining a single

however, whether a purely computational process Coulharge dot which has been connected by a visible linertes

come to perceive the collection of dots as a hexagoerel corres_por]dlng l‘(jjOt th"’}: IS I|keV\_/]|c_sed viewed t_by af fellow
are two possible cases to consider. examiner’, would result in a unified perception of a very

In Case 1, a sequential computer program is presenté‘?{ge hexagon. Even if we suppose that the people involved
with a digitized image of the ‘set of dots’, and from this can each talk to one another via cell phones, andftbst

image the program is able to draw lines between datg ly collectively come to deduce that some hexagon must be

on the perimeter, compute angles between lines that sh gesent, thtere IS Slt'” nﬁ Iotg'c?l comp_ulsmn to Isu;r)]poae th
common vertices, and engage in other computation € Separal€ people colectively perceive a singié hexagon.

processes. Without doubt, an appropriately designed Nlote,_ molrec:jver, tgai I doels not tlhelp matter? to shhelktb
program would eventually identify the set of dots assci?et_mvo V? an to replace ehseparabe _pet%pe y
comprising a hexagon, and would label it as such. Howeve olléctions of separalé neurons in a numan brain. trer,

there is nothing about such a computational proceduré:‘ndamental problem still rem_ains; the separate neprons
which should tempt us to suppose that the computeﬁjven though they may send s_|gnals to one another §ust a
‘perceives’ the set of dots as a unified object. The mer e people were able to talk via cell phones) do nolesaar

algorithmic processing of a series of dots, involving thes.'n(‘j;IIe dawat[]eness n V‘f{h'Ch a perception COUISI be humfled
construction of line segments, measurement of aneles, (indeed, et s”epalrtae neurltl)ns Fr:efl{[?a y m:}f no
in no way logically entails that any postulated awaremds awareness at all). may well be that the sim

the separate discrete elements involved (dots, laregles activation of separate collections of neurons (w_hida_ a
) would result in an awareness of a sinéle cohesiv/ oncurrently stimulated by the seven distinct dots in igur

object. Yet, anything that is purely the result of a ) would, in fact, when coupled with appropriate chemical

Figure 1: Seven ‘dots’ which schematically represent a
hexagon.

Very little effort is required, typically, for an adiitiman
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reactions and the exchange of electrical signals over a
suitably configured network, result in a unified perception
of a hexagon. However, this result would be causally
produced, and not be logically entailed. There is no waty th
we can deduce, logically that a unified perception would
result in this case. Given this, we are assured that no
computer program, whether parallel in design or nat|dco
engender the required unified perception of a hexagon
purely by virtue of the execution of the program itsdlf |
unified perception results, it is an emergent by-product of a
non-logical order.

In light of the foregoing conclusions, we are in a posi
to see that the human capacity to follow (and indeed tQ,
discover) certain geometrically-based proofs requires th\tl-‘\:l

?rgeniegr::s (;)ff Igggrsgslzyssb ggﬁigi?igkgr()p;rscsvii)ﬁlobgsh prg;gmevia a conscious perception. We see both the geometric cube

(although Penrose uses the proof for a very differenand the hexagonal border my means O,f mtegratted, cahesiv
. - gestalts. Another key step in Penrose’s proof involves th

purpose). As Penrose explains (Penrose, 1994) there is rception that the number of ‘units’ in a ‘filled-in’

mtrlgt;ung,k provable ‘hrelatlonsrrp be:)twe:an tgot?]e natL;]r_a eometric cube (such as that in figure 3) can be obtaiped b
NUMDErS known as ‘hexagonal numoers,, an 0se whic mming up a progressive series of fragments of cubic

zgre perf(;:r(]:t_ cubes._t I;exagoTIaI numbersd atre thso-nam% ays. Such a series is displayed in Figure 4. Eacménap
ecause their magnitude exactly corresponds to the NUMBEry, o series apart from the initial solitary urtitize bottom

of ‘dots’ required to comprise a ‘filled-in’ hexagon of the left, consists of a ‘back wall, side wall, and ceilings

Kind displayed in figure 1, above. In figure 1 we see SeveRqn oo ohserves (Penrose, 1994). By nesting the successive

ﬂOtS‘ Thuls, se\t/)en IS a hexag_onal gumber.l'ghe ge;; tT agments together, in sequence, we can perceive with our
éxagonal numbers, In ascending oraer, areé 19 and sf. 1Rgyqeious imagination that, when closely nested together

hexag_on corresppnding to 19.can be created by the m ife fragments will constitute the completed, unified cube
expedient of adding a new perimeter of dots to the hexag aving dimensions of 4 by 4 by 4, in the present case).

corresponding to the number 7, as shown below in Figure 2. Afinal, crucial, step in the proof requires that we gine
viewing any given fragment (from Figure 4) in the series

Figure 3: The volume of a geometric cube corresponds to
an algebraic cube.

The next step is to note that the perimeter of any,cube
hen viewed from the same perspective as used in Figure 3
ill be a hexagon. Significantly, humans attain this insight

e o o from a distant point opposite the vertex point of the &hre
® o o @ walls’. For example, if we view the rightmost fragmémt
® o o o @ the series, from this perspective, we will discover that
e « o @ appears as the hexagon shown in Figure 5, below. Bysnean
e o o of conscious, gestalt-based perceptions such as the present

one, we are able to realize that the number of uniezaah
of the fragments of figure 4, is equal to the numbeurifs
Figure 2: Enlarging a hexagon via adding anew  in the corresponding hexagon.
perimeter.

In a similar fashion, we could add a perimeter of dots to
Figure 2 to obtain a hexagon corresponding to the next
hexagonal number, which is 37. The complete set of
hexagonal numbers is infinite, and for each such number
one could, in principle, generate a corresponding geometric
figure in the fashion just illustrated. Now, it turns tust if @
we take the number ‘1’ to be hexagonal, and if we sum up o
any consecutive series of hexagonal numbers, beginning
with ‘1’, then the sum will be a perfect cube. (Call thaist ) )
assertion, ‘Theorem 1’.) For example, if we sum tingt f Figure 4: A series of cube fragments.
three hexagonal numbers, 1, 7, and 19, we obtain the cube, o )
hexagons and geometric cubes, Penrose proves the truth@lity to understand and follow Penrose’s geometrically-
Theorem 1. One step of this proof involves noting évatry based pro_of |ntr|nS|ca_IIy requires the ability to peveei
numerical perfect cube, N, corresponds to a geometric culs®@mplex diagrams as integrated gestalt patterns. Moreover,

containing N units, as displayed in Figure 3. as | have previously argued, that ability in turn nsitates
our conscious awareness. Of course, it may well beaha
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purely computational agent, lacking all awareness, could does so as an emergent, contingent side-effect of the
construct a proof of the same ‘theorem’ (Theorem hd A underlying processes involved.
this proof (when viewed abstractly, with many details Moreover, | have emphasized that it is presently unknown
suppressed) might possess an overall structure that bondether the relevant consciousness could in fact aoiséy
some resemblance to the structure of the Penrose thiadof as a consequence of the underlying computational
we have been considering. Nevertheless, the Penrose prgbcesses. For all we presently know, computational
is not the same proof as the one (call it Proof2) purely  processing may be, at most, just one among severall causa
computational agent would create. For, unlike the Penrosmnditions for the creation of the conscious conogsj
proof, Proof-2 would lack the gestalt perceptions ofrealizations, and perceptions involved. It may well et th
hexagons and cube fragments, but would necessarily contapecial kinds of chemical activities comprise an aduftio
much detailed analysis of spatial relationships of thallsm necessary condition for the production of such
constituents of the images in figures 2, 3, 4, and 5. consciousness. Alternatively, it may be that the ‘qumant
classical’ hypotheses advanced by Penrose (1994) are
correct, and that no agent whose processing is entirely
deterministic could ever be conscious. Specifically, ant P
Il of his scientific tour de force, Penrose offers eotty of
how entirely non-computational, processes, arisinghat t
interface between quantum and classical physics, and
occurring within microtubules in the synaptic junctions of
neurons, may be a causally necessary condition for the
production of conscious thinking. Crucially, within
Penrose’s theory, the relevant non-computational presess
Figure 5: The view of a 4 by 4 cube, from a particular are strongly non-deterministic; they cannot even be
vantage point. computationally approximated using probabilistic equations
and/or random number generators.

It might be objected, however, that when humans follow |t is essential to note, moreover, that we need norace
geometric proofs of the kind offered by Penrose, they arpenrose’s controversial, Gédel-Turing based arguments
still performing, at some subconscious level, much detaile(concerning the limitations of computational provabjlity
processing of small constituents, in a fashion compatable order to grant the credibility of his conjectures abdet t
the ‘detailed analysis’ which must exist in the computergenesis of consciousness.
generated Proof-2. Whether or not that is so, | subimait Penrose may well be right about the nature of thisgiene
the various, conscious gestalt perceptions employed in the he is indeed correct, we may conclude, given the
Penrose-style proof are essential to our understanding tR@pporting arguments | have presented above, that no
proof. It is by means of these gestalt perceptions (ali#)  deterministic computer program could acquire the
that we become convinced that each step of the proghathematical concepts or comprehend the mathematical
follows from the preceding one. Moreover (and | thihis proofs that | have discussed.
is of fundamental importance), the kind of gestalt
perceptions we have been discussing are crucial to the References
discovery process for geometric proofs of the present type.

At the very least, such high-level, gestalt perception
provide powerful heuristic evidence which helps to guid
the discovery process. If our brains were limited tokind

of low-level, tedious analysis that occur in proofs
exemplified by Proof-2, the search space for geometric
proofs would be overwhelmingly vast, and many fewer
interesting proofs would be discovered.
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