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Abstract

Cognitive modeling can be used t© compare altemative
Tnstructional strategies and t© guide the desion of curdculum

materials. W e modeled two altemative stategies for fraction
division, and the m odels led t© specific em pirical predictions
of the benefits and drawbacks of each stategy. These
Tnsights provided concrete suggestions for developing lessons
on fraction division, including a new potential stategy that
com bines the benefits of the wo stategies. This on-golng
work illustates the potential of cognitive modeling for
nform ing the design ofbetterm athem atics curricula.

Background

Although U S. students are fairly proficient at perform ng
mutine calculations, they lack a conceptual understanding of
mathematics and have difficulty solving non-routine
problem s L indquist, 1989; Jakw erth, 1999) . These findings
have spured m any educators to call for an ncreasing focus
on buiding undersending and problem solving <kill n
m athem atics nstruction. The N ational Council for Teachers
of M athematics NCTM ) sendards sate the overarching
leaming goal as: “Students must leam mathem atics w ith
understanding, actively buiding new knowledge fiom
experience and prior know ledge,” . 16, NCTM , 2000).
The standards proposed by NCTM , and currdculm and
evaluations based on them , have m et w ith opposition from
advocates of “back-to-basics” approach M athem atically
Conect, 2000). M athem aticians, politicians, teachers and
parents have raised concems that students are not leaming
their arithm etic facts and basic com putational skills and are
Iobbying to abandon these reform efforts. Further, many
teachers have been resisant to changing their teaching
practices and doubt the benefits of refom basad curricula.

A lthough there is agreem ent on the need t© inprove the
m athem atics curriculum in the U S., there is considerable
disagreement on how the curriculm should be changed.
Contoversy over how to teach fiacton division helps t©
istate this finmdamental oconflict over whether the
currculim  should focus on  gaiing conceptual
understanding or on proficiency I rwtheving facts and
executing computational procedures. To solve fraction
division problems, students are traditonally taught the
computational procedure of Ivertng the divisor and
changing the opemtion t© mulbplication (vertand-
multpl stategy). As an alemative, the NCTM 2000
sendards proposed a picture division stategy where
students draw a picture of the starting am ount, repeatedly
“cut off” groups of the gize specified by the divisor and

ocount the resulting num ber of groups. Forexam ple, to solve
six divided by 3 /4, students could draw a line six units long,
divide each unit into fourths, and then start at six and mark
off groups of three fourths to find how many 3/4 are in six.
According to the standards: “Lacking an undersanding of
the underlying mtionale [for vert and multply], many
students are therefore unable t© repair their enors and clear
up their confusions about division of fiactions.. Carefully
sequenced experiences wih [picture division] problems
such as these can help students build an understending of
division of fractions.” ©.218 NCTM ,2000).

In principle, an ideal approach t© nfom ing the debate on
how best to teach a particular mathem atical topic is t©
conduct a muldyear, muldsie experinental study
com paring a refom based approach wih a badk-to-basics
approach. In additon to the practical lim itations of this
approach, an empirical evaluaton does not explin the
masons for the results or offer nsights nto how t© apply
these results to othertopics.

W e have begun to explore the rle of cognitive m odels In
helping to Inform this debate. D eveloping cognitive m odels
offers four key advantages. First, developing cognitive
models requires precise and unam biguous specification of
problem representations and action sequences and allow s for
detailed com parisons of problem solving strategies. Second,
the goecificity of the m odels leads t© generation of specific
hypotheses that can be tesed through amaller, focused,
empirical studies. Thid, cognitive m odels can be used t©
undersend and explin empirical reaults, allow hg
researchers t© understend the mechanisn s underlying the
differences and t© extrapolte the findings t© other dom ains.
Finally, Inspection and evaluation of these models yield
concrete suggestions for better content and methods of
teaching a particulartopic.

To ilustate the potential of cognitive modeling for
nform Ing the curent debate in m athem atics nstruction, we
describe our use of cognitive m odeling t© guide the desion
of lessons on fraction division (s part of a m iddle-school
math curmrdculm we are developing). Rational number
oconcepts and procedures are a comerstone of m iddle-school
m athem atics, butU S. students perform poorly on a range of
mtonal nmumber problems, incliding fracton division
problems. g. Lindquist, 1989; Lesh & Landau, 1983).
Fraction division is a representative topic In m athem atics for
which the standardsbased and back-odasic movem ents
have proposed altemative stategies.

In the current paper, w e present cognitive m odels of both
fraction division strategies, outline predictions for leamng



and tansfer that are revealed by the models, and offer
prelin nary inplications of the models for nstuctional
design, mcluding a new stategy for fraction division that
w as suggested by thiswork

Cognitive M odels

Our cognitive models are based on ACT R theory, which
breaks know ledge to two man categories — a declarative
know ledge base of facts and a procedural know ledge base of
production miles A nderson, 1993). D eclhmtive know ledge
Tncludes both prior dom ain know ledge and representation of
the curent problem situation. A production rile isa sinple
TF-THEN satement that manpulates declarative
know ledge, and a series of production miles model actions
forsolving a problem .

M odelof Picture D ivision Strategy

W e oollected nfom al verbal pwotocols from five sixth-
grade students while they solved basic fiacton division
problem s such as 15 + 1 12. The students had received no
formal instuction on fiaction division. One student
soontaneously used a picture division strategy, and the other
students w ere provided w ith a picture and encouraged to try
using the strategy .

The combiation of the task analysis and students’ think
alouds revealed 4 main sub-goals for mplementing this
sategy: 1) dentify the values in the problem s and draw
the appropriate picture, 2) mark the picture nto the

Table 1: Cognitive m odelof picture division stategy

Productions StudentExam ple
1. dentfy-sarting-amount  Here’sher8 foot long
board
2. Draw -whole-sarting- [draw s 1ine w ith 8 sections]
am ount
OR
3. Draw - xed-sartng-
am ount

And she wants each one
[shelf] to be a half,
So, I'd spliteach one in
half
fm arks each whole in half]

4 . Tentify-size-of-groups
5. Hdentify-valie-of-
divisions

6. D raw -divisions

7 . Wentify-step-size lgroup size = 1; skip t© 9]
8.M ark-firstgroup

9.M ark-nextgroup

10. Finished-m arking-

groups

And then that'show m any
shelves. [counts] 16.

11. Countwhole-groups

12. Mentify-rem aining- NA
divisions
13.Step-size-as- NA

denom hator-of-rem ainder

Note: Extma productions would be needed to solve problem s
w here the denom mators of the dividend and divisor are different
and one isnotamultple of the other g.3/6 + 1/3).

Table 2 : Exam ple declarative know ledge chunk :
R epresentation of 2 /3

QUANTITY2/3>
isa num ber
whole 0
topumber 2
bottom num ber 3
pattsperwhole 3 ;Picture D vision stategy only
needed-parts 2 ;Picture D ivision stategy only

appropriate size groups, 3) count the num ber of groups, and
4) convert the remainder (if there is one) to a fractonal
value. These four sub-goals translate into 13 key steps or
actions that the problem solver must take (see Table 1; a
dotted line designates the begining of a new sub-goal).
These actions wer hstentated as productions I an
htelligent tutorng system that is based on ACT R theory
(A nderson, Corbett, Koedinger& Pelletier, 1995).

The productions I the picture division model ®ly on
meaningful representation of prblem hformation i
declarative mem ory. First, selection of this strategy comes
fiom representing the meaning of division as finding the
num ber of groups of a given size In the starting am ount.
Second, the pmductions ®y on a quantty-based
representation of fractons. Students need t© represent
fractions as parts of a whole €eg. 2/3 is two out of three
equal size parts) mather than only as a visual anangem ent of
numbers g. 2 is the top number and 3 is the bottom
number). Table 2 provides a sam ple declarative chunk used
T representing the problem .

M odelof Invert-and-M ultply-Strategy

The mvertend-m ultply stategy can be broken into 4 man
sub-goals: 1) dentify the dividend and the divisor, 2) if
needed, convert whole numbers and mixed numbers t©
fractions, 3) fvert the divisor and mulbdply the two
fractions, and 4) if needed, sinplify the answer by

Tablk 3 : Cognitive m odel for nvertand-m ultply stategy

Productions StudentExam ple
1. Mdentify-dividend 12
2. Identfy-divisor 112
3. W hole-dividend-o- 12A

fraction
4. Mdentfy-m ixed-dividend NA
5. Identify-m ixed-divisor

6. M xed-to-fraction 1121832

7. Invert-divisor So,make 124 *2/3
8.M ultiply-top-& dtm #s Equals24/3

9. Im proper-o-m ixed Thatis 8

10.ID -whole-#-answer D one]

11. D -ifquotientis- NA

rducible

12. Reduce Fraction NA




converting an in proper fraction to a m xed num ber and or
by putting the fraction I sinplest terms. These four sub-
goals translate nto 11 key steps or actions that the problem

olver must tgke (see Tabk 3; dotted lines designate the
begimming ofanew sub-goal).

The declarmtive knowledge used by the mwvertand-
multply stategy differs from that used by the picture
division stategy. I the Tnvert and multiply stategy,
division is represented as perform ing actions on num bers.
Fractions are represented as a visual anangem ent of digits,
and quantity-based know ledge isnotused (see Tablk 2).

Em pirical Support for O urM odels

W e designed a brief htervention to validate and refine our
cognitive m odels. The students had already been taught the
wertand-multply stategy, and we gave them a bref
lesson on the picture division stategy. Thity-two ninth-
grade students from two math classes for below -average
m ath students participated in the study.

On the first day of our study, students received a 10-
mIute lesson on fiacton division fiom their classroom
teacher. The teacher discussed how t© solve two types of
fraction division problem s using each stategy. Instuction
on the picture division stategy focused on forming a
quantity-based 1epresentation of the problam without
detailed mstucton on the actions foroductions) for
Implem enting the stategy. The teacher then weviewed the
steps for using the vertand-mulbiply. A fier this brief
Jesson, students were random Iy assigned to use one of the
two stategies to solve a set of problem s. Students solved
two problems using the assioned stategy and received
feedback and help In finding the conect answ er if needed.
Students then solved a set of 10 problem s w ithout feedback
or help - 4 Instucted problems froblems wih whole
numbers andor unit fractions), 5 tansfer problms
foroblem s w ith non-unit fractions and w ith m ixed num bers),
and a fractdon multplication problem . Students had
approxin ately 20 m nutes t© solve the problem s, and their
com pliance w ith the stategy nstructions was high. In the
Twertand-m ultiply group, there was no trace of students
using a pictorial stategy, and I the picture division group,
a picture was drawn on 83% of attempted problem s. Four
days later, students were asked t© solve a parallel set of 10
problem susing any strategy they wanted.

Students had difficulty leaming the picture division
strategy from ourbrief lesson. OnDay 1, they solved 60%
of the nstruicted problem types conectly, butonly 9% of the
transfer problem s conrectly. M any students got stuck and
did not finish the assesam ent; students only attem pted 57%
of the problem s (compared t© students attempting 96% of
problem s n the nvertand-m ultbply group) .

N ot surprisingly, students who were assigned to use the
fam iliar nvertand-m ultbply stategy solved m ore problem s
correctly on Day 1, compared to the Picture D ivision group
@49% vs.28% conmect; F (1,30) = 1696, p < 01). They
olved 89% of the nstucted problem types conectly, but
only 31% of the ttansfer problem s conectly @lthough they

had previously received Instruction on these problem types
as well) Student had partcular difficulty when the
problems mvolved mixed numbers. Only half of the
students solved at leastone problem of this type conrectly.

W hen studentswere friee to choose any strategy onDay 2,
students used the more fam iliar and well practced Tvert-
and -m ultply stategy on am ajority of problems M = 62%
of trals wih a mean accuracy of 60% ). The picture
division strategy wasused on 10% of problem s, and only by
students w ho w ere assigned this stategyonDay 1.

To help explain the difficultbies of each stategy, sudents’
Toorrect solutions were classified using the productions in
the rlevant cognitive model. W e distinguished between
failing to nibate a producton and mplementng a
production ncormectly @n enor). The ease of coding
student solutions is an additional benefit of developing
cognitive models. W e report solution data from Day 1, but
a sin ilarpattem arisesonDay 2.

Tables 4 and 5 show the distdbution of failires and enors
over the productions for each stategy. On the picture
division strategy, students often did not know how to s@art
the problem . W hen students attempted the problem , they
offen did not sucoeed on the first sub-goal - dentifying
values and setting up the picture. There were a surprising
num ber of envors n dentifying the dividend and in draw Ing
the divisions conectly e g. students added 3 extra divisions
perwholke forl/3, thusm aking fourths). Students’ enors on
dentify-partsperw hole varied by problem type, suggestng
that an additonal production was needed In our model
W hen the dividend was a fiaction, students sometimes
divided the fractional am ount, mather than the whole, mto
the specified num ber of parts eg. for12 + 140, dividing
the half nto 10 sections). Students need an extra production
for mapping the partsperwhole to the partsper-fraction
feg. if 10 division In one whole, half asmany ) In 12).
W e have very little data on the difficulty of productions that
occur hter In the sequence because students offen
abandoned this stategy .

Students usihg the nwvertand-multply stategy were
much mor lkely to attempt to solve a problem , and the
majrty of misakes arose fiom failing to or nconectly
converting m ixed num bers to fiactions. How ever, this enor
did not cause students t© abandon the stategy. Rather,
students m ade illegitin ate adaptations to the stategy, such
as Inverting the fiactional portion of the divisor and then
mulbiplying the whole number portions and the fraction
portons separately €g9.82B +21B=82B*23/4 =16
6/3). Further, students’ enors on the fraction m ultplication
problem suggested that the conditions for firing the Tvert-
divisor production were overly general for many students.
Half of the students in the Ivert and mulbply group
mnverted the second fraction before m ultplying.



Table 4 : C lassification of sudents’ lnconect solutions
using the picture division strategy on day 1

A ction /Production No.of No.of
Enors Failres

<Start Problem > NA 64

D /D 1aw -whole-sarting-am t 6 1

D /D mw -m Xed-sarting-am t 7 -

Tentify-size-of-groups - -

Hentify-valie-of-divisions 6 11

D 1aw -divisions 10

Tentify-step-size 7 1

M ark-firstgroup - -

M ark-next-group 1 -

Finished-m arking-groups - -

Countw hole-groups 2 1

Mentify-rem aining-divisions NA NA

Step-size-as-denom hatorof- NA NA

rem ainder

Table 5 : C Jassification of students’ nconect solutions
using the nvertand m ultiply strategy on day 1

A ction /Production No.of No.of
Enors Failures

<Startproblem > NA 8

D D ividend - -

D D ivisor - -

W hole-to-fraction - -

D -m xed-dividend & M xed-to- 13 15

fraction

D -m ixed-divisor& M ixed-to- 4 9

fraction

Tnvert-divisor 2 9

M ultiply-op-& dotm #s 4 8

Tn proper-to-m xed 3 9

D -if-com m on-factor NA NA

R educe Fraction NA NA

Im plications of the results for the cognitive m odels
The em pirical results revealed a necessary refinem ent to the
picture division m odel and validated the other productions
I the wo models. Students’ enrors when using the picture
division strategy Indicated thatan additional production w as
needed when the dividend was a fiaction. O thew ise, the
m odels capturad students’ behaviors quite well.

The empirical results alo provide mformation on
common buggy mles and on the frequency of comect
productions “ailing o fire”. Students’ buggy miles w ill be
modeled as production miles, allow ing us t© dentify the
source of the differences n the comect and incomect
productions. This nformation can be used © tamget
Tnstruction ataddressing orpreventing these enors.

These results also highlight the mporance of the
declarative know ledge structures. The ninth-grade students
n this sudy did not seem t© fom quantty-based
epresentations of fiactions or to 1epresent division as

finding the num ber of groups of a certatn size In the sartng
amount. W ihout these declarative know ledge stuctures,
sudents had great difficulty mmplmenting the midal
productions for the picture division strategy. In contrast, the
nwvertand-multply stategy only rwlies on a superficial
representation of division and of the position of the digits
fractions, although a quantity-based representation of the
values could be used t© recognize enors I its execution
eg. that multplying the whole numbers will lead to to
large of an answer). A fiermore than 5 years of lstuiction
on the division operator and on fractions, these students did
notseem to be form ing m eaningfiil representations of either.

Predictions from them odels

Cognitive m odels of the picture division and Invertand-
multiply strategies can lead t© com pamtive predictions for
1) difficulty of leaming each strategy, 2) efficiency of using
each strategy once leamed, 3) generality of each strategy t©
the range of fraction division problem s, 4) retention of the
stategies, and 5) tansfer.

First, the ease of leaming the two stategies depends on
students’ prior know ledge. Tn particular, leaming difficulty
should be predicted by two factors —how students represent
fractions and division and how well they know symbol
manipulation mles for working with fractons. If students
form quantity-based representations of fiactions and attach
meaning t© the division opemation, laming the picture
division strategy should be rlatively staightforw ard since a
m ajority of the productions are based on fam iliar and well
practioed know ledge (eg. marking sections and counting) .
However, if sudents only represent fractions as visual
anangements of digis and division as manipulting
symbols, this representation is not compatble wih the
stategy, 0 the stategy will be difficult t© leam. The
Twertand-multply is not dependent on a quantity-based
representation of fractions. T contast, the ease of leaming
this stmategy depends on how well sudents already know
productions for converting whole and m xed numbers to
fractions and for converting inproper fractions to m ixed
num bers.

Second, our m odels support the predictions that the two
smategies will not be equally efficient once they are
master=d. A lthough the totalnum berof productions t© leam
is sim flar n the two stategies (13 vs. 12), the number of
production firings is offen higher for the picture division
strategy because som e productions must fire many tim es.
Forexample, to solve 6 + 3 4, the draw -divisions production
fires 18 times and the m ark-nextgroup production fires 6
tines. Thus, to solve this problem , the picture division
strategy has 32 production firings whereas the mvertand-
mulbply stategy has 6 production firings. On a m ajority of
problem s, the Invertand-m ultply stategy is more efficient
than the picture division stategy once the stategy is
m astered.

Thid, the ease of applying the two stategies o the full
range of fraction division problem s isnotequivalent. Once
the fill set of productions is mastered for the nvertand-



multply stategy, it can be applied to any fraction division
problem . T contrast, the picture division stategy becom es
very cumbersom e if the dividend is large, the denom inator
of the divisor is Jarge, or if the denom Tnators of the dividend
and divisor are not “friendly” (ie.one denom nator isnota
factor of the other, such as 3 and 5). The first wo
constramts require an unm anageable num ber of firings of
the draw -divisions and m ark-nextgroup productions. The
third constraint requires a new setof productions for finding
equivalent fractions wih a common denom hator, thus
necessitating extra productions that are notw ell grounded in
the situation. Overall, the picture division and invertand-
multply stategy can both be used to solve a majority of
fracton division pmblems, but the hwvertand-mulbiply
strategy has the advantage of m ore uniform difficulty on all
types of problem s.

The fourth prediction concems the retention of the two
strategies and confers an advantage to the picture division
stategy. M ACT R, recall isbased on spreading activation,
0 knowledge that is connected to a richer network of
know ledge chunks is easier to recall @ nderson, 1993). The
picture division stategy utlizes rich knowledge
representations of quantities and operations, so this netw ork
of rlations should faciliate recall. In contast, the nvert
and-multdply stategy utlizes sparse, visualbased
rEpresentations that are not connected to a rich know ledge
base, =0 this stategy should be harderto recall aftera delay.
Our rraults indicate that students have difficulty conrectly
wtreving all of the rwlevant productions for invertand-
multply. T additbdon, both level-ofprocessing and dual-
code theories of memory Crak & Lockhart, 1972; Pawio,
1971) suggest that the richer problem representations
utilized by the picture division strategy should lead to better
recall of this stategy, compared t© the nvertand-m ulbdply
stategy. Thus, we predict that recall of the picture division
strategy w illbe m ore robust.

Fifth, the models lad t© very different tansfer
predictions. Thgpection of the m odels ndicates no overlap
T the productions that are used by each stategy, o leamng
one stategy will not aid leaming of the other. The two
stategies alo tansfer differently to other topics. W hen
know ledge chunks are activated, their memory tmace is
stengthened  @nderson, 1993), < quanttybased
mpresentations of fracdons and a meaning-based
wEpresentation of division are strengthened (@nd possibly
refned) when students use the picture division stategy.
Thus, leaming the picture division stategy should faciliate
performance on tasks utlizihg these representations.
Representing fractions as partwhole quantites provides a
pow erfi1l declarative know ledge structure for choosing and
Implementing a varety of stategies for tasks such as
comparing magniudes, estdmating, or adding and
subtracting fiactions. The picture division stategy should
also tansfer to decinal division sice it stengthens a
meaningful representation of division and many of the
productions can be used to solve division problems wih
decinals. T oontast, the nwvertand-muliply stategy

should faciliate perform ance on problem s ivolving other
fraction operations or algebraic sim plification. This stategy
strengthens productions that are aleo used for adding,
subtracting and mulbplying fractons, such as converting
Inproper fiactions t© m ixed numbers, rducing fractions,
and mulplying fractons @lthough stidents may over-
generalize the stategy and also mvert the second fiaction
when multplying fractions). Productions from this stategy
can also be applied to sinplifying algebmaic expressions.
Overall, the two stategies should aid perform ance on very
different types of transferproblem s.

D eveloping cognitive m odels of the two stategies leads
to precise predictions of the benefits and draw backs to each
srategy. The picture division stategy should be easy t©
leam if students have quantity-oased mepresentations of
fractions, should be mcalled after a delay, and should
tansfer t© tasks such as comparing fractions and dividing
by a decinal. T contrast, the wvertand-m ultply stategy
should be easy to leam if students already know productions
for m anipulating friactions, should be efficient and broadly
applicable once mastered, and should tmansfer to other
fraction operations and to algebra.

Im plications for nstructionalD esign

Comparing the benefits and drawbacks of each stategy
allows for an nformed decision on whether and how t©
teach each stategy. Neither of the stategies was stong
along all five dim ensions that we considered @ifficulty of
leaming, efficiency, genemlity, retention and tansfer).
Tnstead, there w ere trade-offs for leaming each strategy .

How the fiaction division problems are represented I
declarative memory helps t© explin the benefits and
drawbacks to each stategy. The picture division stategy
supports a quantty-based representation of fractons as a
specified number of parts of a whole. Quantity-bas=d
representations provide a unified representation that can be
used when solving a lrge variety of rmational number
problem s, such as modeling, estmating, comparing, and
doing arithmetic wih fiactons. Thus, retenton of the
strategy should be high. Tn contrast, the Invertand-m ulbiply
strategy relies on a visual, position-based representation,
and this representation requires different, specialpurpose
productions to solve a sin ilar varety of rational number
prblems, and menton of the productions would be
rlatively low . However, these specialized productions lead
to m ore efficient perform ance.

Mdeally, stucton oould bridge fiom the more
m eaningful and grounded strategy of picture division t© the
more abstract and efficient strategy of mvert and m ultply,
while m aintaining high retention. Unfortunately, there isno
overlap In the problem representations or the productions
used by these two stmategies, making it difficult to build
fiom one to the next. Because of this lim iation, we
developed a third strategy, labeled the comm on denom nator
strategy, which builds off the picture division stategy and
leads t© an efficient and general method for dividing
fiactons. Because this stategy builds on the picture



division strategy, we first discuss suggestions for teaching
the picture division strategy and then outline a m odel of this
new strategy.

The cognitive model suggests a carefill sequence of
lessons for teaching the picture division stategy. Students
chould first leam t© mwpresent fractons as partwhole
quantites. Next, sudents should be taught t use the
picture division stategy on problem s that rely on the fewest
num ber of productions - dividing a whole num ber by a unit
fraction. A fier sudents have leamed this m nimum set of
five productions, they w ill need help dentifying the group
gize of non-unit fractons and m xed num bers, dentifying
the num ber of an aller divisions In bigger divisions if both
num bers contain friactons, and converting rem ainders to
fractional values w hen needed.

A fter students have experience w ith the picture division
stategy, the common denom hator stategy can be
httoduced as a mor geneml and efficient stategy.
Thitally, the common denom hator stategy can be tightly
grounded by the picture division strategy, and then it can be
abstracted to a m ore efficient algorithm . Both the grounded
and abstract versions of the comm on denom nator stategy
are illustated In Tablke 6. The stategy has five main sub-
goals: 1) identify the mital values, 2) find the toalnum ber
of divisions I the sartng amount which may mvolve
finding a common denom nator for the dividend and
divisor), 3) dentify the size of each group Wwith this
common denom nator), 4) divide the total number of
division by the group size, 5) sinplify the ansver. Afler
dentifying the nibal values, students must figure out the
total num ber of divisions In the sarting am ount, which is
analogous to marking the divisions and counting the total
num ber of divisions. To identfy the group size, sudents
must make sure the divisor is a fracton that has the same
num ber of partsperwhole (denom mator) as the dividend.
N ext, the number of groups is found by dividing the total
num ber of divisions by the group size (ie.dividing the two
num erators), which is analogous t© m arking the groups on
the picture and counting the num ber of groups. This leads
o an answer I appropriate fractional form , although the
answ erm ay need to be converted from an in proper fraction

Table 6: Example of comm on denom hator sategy for
solvingl 12+ 34

G wounded approach:

Becausel2 =2/4,and 1whole= 4 fourths, 112 =6/4.
now have:6/4 +~ 3/4

6/, there are 2 groupsof 3 /4, o theansweris 2.

A bstract approach :

Equivalent fractions: 12 = 2/4

M xed to fiaction:have 12/4:1*4=4;4+2=6,06/A
Now have6/4 + 3 /4

6+3=2;4+4=1

Answer is 2/1, and because any num ber divided by 1 is that
num ber, the answeris2.

o a mxed numbers. Afler Inking this stategy t© the
picture division stategy, a more formal, symbolbased
strategy can be abstracted, which relies on converting whole
and m ixed num bers o fractions and finding fractonsw ith a
comm on denom ator and then dividing the num emtors and
denom nators. This stategy mtans the quantity-based
representations of the picture division stategy while being
m ore efficient and general than this stategy. W e have used
these analyses to design a set of lessons on fraction division
that ntegrate all three stategies, and we are piloting these
lessons wih sixth gmde students who have no prior
experience w ith fraction division.

I summary, cognitive modeling is a prom ising tool for
evaluating altemative strategies and technigues that can be
leveraged In the developm ent of better curriculim m aterial
and instuctional approaches.
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